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1. INTRODUCTION AND NOTATIONS 
Throughout this paper, F will denote a field of characteristic not 2, F(2) will 
be its quadratic closure, and m(F), W(F) will denote, respectively, the 
Grothendieck and Witt rings of quadratic forms over F. The purpose here is to 
investigate the connection between the behavior of quadratic forms over F and 
the structure of the Galois group, G,(2) = Gal(F(2)/F), of the quadratic closure 
of F. 
In Section 2, we extend some observations of Delzant [3] and Scharlau [13] 
to show that if Fl and F, are fields, neither containing (- l)liz, with GF1(2) z 
G,,(2) as profinite groups, then W(F,) z W(F,) as rings. Moreover, if G,1(2) g 
G,,(2) but WV is not isomorphic to W(F,) then -1 is a square in one of the 
fields and is a sum of two squares in the other. It is also observed that there exist 
fields with W(F,) G W(F,) but GF1(2) not isomorphic to G,2(2). 
In Section 3, fields with G,(2) a free or “almost” free pro 2-group are studied 
and in Section 4 the opposite extreme is considered: namely those fields with 
G,(2) abelian or metabelian. 
The notations and terminology will primarily follow [12, 141. The multiplica- 
tive group of F will be denoted by 8, the subgroup of squares by p2, and for a 
in fi, [a] will denote the image of a in the group of square classes p/p”. If 4 is a 
quadratic form over F then the value set of CJ is D,(q) = {[a] ~fi/fi” / a is 
represented by Q}. Isometries of quadratic forms will be written s and q1 . q2 
will denote the tensor product of the forms pi and q2 . We will write q = 
<a, , a2 ,..., a,) to mean that q has an orthogonal basis e, , e2 ,..., e, with q(ei) = 
ai ~14;. The u-invariant of F is defined to be u(F) = max(dim q}, where q ranges 
over all anisotropic forms whose signature is zero relative to all (if any) orderings 
on F [5]. The Hasse number of F is zZ:F) = max{dim q}, where q ranges over 
all anisotropic forms which becomes isotropic over all (if any) real closures of F. 
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We always have u(F) < E(F) and if F is not formally real (i.e. has no orderings) 
then u(F) = c(F) = max(dim 41, where 4 ranges over all anisotropic forms. 
The Brauer group ofF will be denoted B(F) and the subgroup of B(F) generated 
by the quaternion algebras will be denoted H(F). If K/F is an extension of fields 
then B(K/F) = Ker(B(F) ---f B(K)). If G is a profinite group we set Hi(G) = 
P(G, Z/27?), i > 0. If K/F is a G 1 a ois extension with group G then P(G, R) = 1 
and H2(G, R) s B(K/F). Hence the exact sequence 1 + {&l} + F(2) +2 
F(2) + 1 induces an isomorphism @(G,(2)) E p/g2 and embeddings X(F) G 
fJ2(WN G ff2(W4, W)l. 
As a variant of Cordes’ terminology [2] an isomorphism t: fiJpl” +p2/2i‘22 
such that 1 E DF1((x, y)) if and only if 1 E DF2((t(x), t(y))) will be called an 
equivalence for quadratic forms or simply aq f-equivalence. The following lemmata 
will be used in Section 3. 
LEMMA 1.1. For Jields FI , F2 the following statements are equivalent: 
(1) I@(F,) and @(F,) are isomorphic. 
(2) There is a qf-equivalence t: pJp12 + f12’,Ipz2. 
LEMMA 1.2 (Harrison). For jieldc FI , F, the following statements are equiva- 
lent: 
(1) W(F,) and W(F,) are isomorphic. 
(2) There is a qf-equivalence t: @Jfi12 - p2/fi2, such that t([-11) = [-11. 
The proof of Lemma 1.2 can be found in ([lo], p. 21) (compare [12, Ex. 13, 
p. 294, 2, Th. 2.31) and the proof of Lemma 1.1 is analogous. 
I would like to thank Dave Sibley for supplying the example needed for the 
proof of Lemma 4.4 in Section 4. 
2. PROFINITE ~-GROUPS AND WITT RINGS 
If G is a profinite group then, following Scharlau [13], the Witt-Grothendieck 
ring of G is defined to be the factor ring m(G) = B[Hl(G)]/Ke(G), where 
Kc(G) is the ideal of Z[Hl(G)] g enerated by all elements of the form fi + f2 - 
f3 - f4 with fi E H’(G), fi f2 = f3f4 in HI(G), and fi v f2 = f3 u f4 in H2(G). 
Delzant [3] has shown that if F is a field of characteristic not 2 and G is the 
Galois group of the separable closure F, of F then there is a canonical iso- 
morphism m(G) g m(F). S ince l&’ is a functor it follows that if F and K are 
fields with Gal(F,/F) G Gal(K,/K) then l%‘(F) is isomorphic to w(K). In this 
paper we are interested in the Galois group of the quadratic closure F(2) of F. 
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THEOREM 2.1 (Delzant, Scharlau). Let Fl , F* be fields with G,J2) g GF2(2) 
as projkite groups. Then l@(F,) g Q(FJ. 
Proof. Since @‘is a functor it suffices to show that for any field F, W(G,{2))r 
J&‘(F). Let G be the Galois group of the separable closure of F. Then IV(G) g 
p(F) and G,(2) is th e maximal quotient of G, which is a pro 2-group. Hence by 
([13], Kor. 1.2.4), @(G,(2)) s q(G). 
The following question now arises: does the isomorphism GF1(2) g G,*(2) 
also induce an isomorphism of Witt rings ? In general, the answer is no, as is 
seen by considering the fields Fl = IF,, F, = F, . Then GFi(2) g Z, , the 
additive group of 2-adic integers, i = 1, 2, W(F,) = Z/4& and W(F,) = 
B/2iZ[H], with / H 1 = 2. However, the next theorem shows that in “most” 
cases the answer is yes. 
THEOREM 2.2. Let Fi be fields with - 1 $pF, i = 1, 2. rf G,,(2) is isomorphic 
to GFi(2) then W(F,) is isomorphic to W(F,). 
Recall that a form q is universal if D,(q) = F/p”. To prove Theorem 2.2 we 
use the following. 
LEMMA 2.3. Suppose a, b are elements of p/p2 with a f 1, b # 1, and 
(I, a), (1, b) both universal. Then there exists a qf-equivalence t: p/p2-+ &‘I@ 
such that t(a) = b. Hence t induces an automorphism i: m(F) --t m(F). 
Proof. We may assume a # 6. Then ( p/p” 1 3 4 and if we let H be a maximal 
subgroup of p/@ with respect to the property that a $ H and ab E H then it 
follows that H has index 2 in p/p”. Thus p/p” = H x (1, a> = H x (1, 6) and 
we can define an automorphism t: F/F2 - F/F2 by t(h) = h for h in H and 
t(a) = b. 
Let X, y be elements of @/$‘” with 1 E DF((x, y)). To show that 1 E DF((t(x), 
t(y))) it suffices to consider the following two cases: (A) x E H and y $ H and 
(B) x $ H and y $ H. Since (1, a) and (1, b) are universal, it follows that 
(ab) . (1, Z} z (1, Z) for any u” in p/p”. In particular, (ab) * (1, -2) g 
<I, -x>. 
In Case (A) we havey = ah for some h E H so t(y) = bh. Now 1 E DF((x, ah}) 
implies that (ah) . (1, -x) z (1, - x w ) h ence (bh) . (1, -x) s (1, -x). 
Thus (1, bhx) z (x, bh) and 1 E DF((tx, ty}). In Case (B) there exist h, , h, 
in H with x = ah, andy = ah, . The t(x) = bh, , t(y) = bh, and 1 E DF((x, y)) 
implies (ah,) . (1, h,h,) g (1, h,h,). Multiplying by (ab) yields (bh,) . 
(1, h&Q E (1, h,h,) so that 1 E D,(@h, , bh,)) = &(<t(x), t(y)>). 
Proof of Theorem 2.2. 
that l@(F,) s @‘(F,). H 
Since GF1(2) s GF1(2) it follows from Theorem 2.1 
ence by Lemma 1.1 there is a qf-equivalence II: $‘,/pis -+ 
P.JPZ2. Let a = u([- 11) EPZ/PZ2. Since (1, - 1) is universal, (1, a) is universal 
over F2 . Also, [-l] # 1 in both fli;Ipi” and p2/pt2 so a f 1 in p2@‘22 and hence 
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by. Lemma 2.3 there is a qf-equivalence t: fia/@a2 -p2/paa with t(a) = [-1] 
Then t 0 u: &/PI2 -+ fi2/p22 is a qf-equivalence and (t 0 u)[-l] = [-11. By 
Lemma 1.2, W(F,) s W(F,). 
COROLLARY 2.4. Let FI , F, be fields with --I $pj2, i = 1, 2. If W(F,) s 
W(F,) then W(F,) g W(F,). 
COROLLARY 2.5. Let Ii; , F, be Jields with GF1(2) z G,,(2). If W(F,) is not 
isomorphic to W(F,) then in one of the fields - I is a square while in the other - 1 
is a sum of two squares, but not a square. 
Proof. Since - 1 must be a square in one of the fields, we may suppose that 
-I g&‘r2. By Theorem 2.1, W(F,) s W(F2) so there is a qf-equivalence t: 
PI/firs + @2/@za. If - 1 ~~~~ then t([- 11) = t(1) = 1 = [-I] and W(F,) E 
W(F,). Hence -1 $pa2. However, (1, 1) z (1, - 1) is universal over F, so 
(1, 1) must be universal over F, . Hence - 1 is a sum of two squares in F, . 
COROLLARY 2.6. (1) If Gr1(2) g GF2(2) and s[F,) = s(F,) (where s(F) is the 
“level” OY “stufe” of thefieldF ([12], p. 3021) then W(F,) s W(F,). 
(2) W(F,) s W(F,) if and only zf W(F,) z W(FJ and s(F,) = s(F,). 
One can now ask to what extent the structure of W(F) determines that of 
G,(2). The fields FI = C((t,))((t,)) and F, = Q, provide an example with 
W(F,) s W(F,) (each is isomorphic to Z/2Z[H], with H the Klein 4-group) 
but G,r(2) is abelian and GF2(2) is nonabelian. However, GFs(2) is an extension 
of an abelian group by an abelian group and for the fields considered in Sec- 
tions 3 and 4 we will see that the Witt ring does determine much of the structure 
of the Galois group. 
3. FIELDS WITH G,(2) A FREE PRO ~-GROUP 
The fields considered in this section have been studied by Elman and Lam 
[4, 61 Elman, Lam, and Prestel [8], and Scharlau [ 131. 
An extension K of F is called a 2-extension if K C F(2). 
THEOREM 3.1. For afield F the following statements are equivalent: 
(1) G,(2) is a free pro 2-group. 
(2) F has no quaternion division algebras. 
(3) F is not formally real and u[F) < 2. 
(4) If K is ajnite 2-extension of F then NKIF: K -+ F is surjective. 
(5) WV) = 1 f or all 2-extensions K of F; i.e. Hz(G,(2), F(2)) = 1. 
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Proof. By ([14, Cor. 2, I-371, G,(2) is a free pro 2-group if and only if 
H2(G,(2)) = 1. H ence the implications (5) * (1) and (1) 2 (2) follow tram the 
fact that we have inclusions Z’(F) C H2(G,(2)) G H2(G,(2), F(2)) where X(F) is 
the subgroup of the Brauer group generated by the quaternion algebras. The 
equivalence of (2) and (3) and the implication (4) 3 (3) are standard. 
(3) 3 (5). Let K be a 2-extension of F. If K/F is a finite extension then 
u(K) < 2 by [5, Th. 4.31 or [12, Ex. 17, p. 3361. From this it follows that 
u(K) < 2 for any 2-extension K of F. Now suppose D is a central F-division 
algebra split by K. Th en D is split by a finite 2-extension of F. Among all such 
2-extensions choose Fl with [Fl : F] smallest. If [Fl : F] > 1 then there is a field 
F, with F CF, CF, and [Fl : F,] = 2. By the minimality of [Fl : F] we have 
DFz = F, OF D # 1 in B(F,). Since DFz is split by Fl , the degree of DpS divides 
2 = [Fl : F,] [I 1, Sublemma, p. 1201 so DF, is Brauer equivalent to a quaternion 
algebra over F, . But u(F,) < 2 so by the equivalence of (2) and (3), DFz = 1 in 
B(F,), a contradiction. Hence [Fl : F] = 1 and D = 1 in B(F). 
(3) =+(4). If [K:F] =2 th is is clear and every finite 2-extension is 
obtained by a finite sequence of quadratic extensions. Since (3) also holds for 
any finite 2-extension of F, NKIF will be the composite of surjective maps, hence 
surjective. 
PROPOSITION 3.2. For a Jield F the following statements are equivalent: 
(1) G,(2) is a semidirect product of .a free pro 2-group by a group of order 2. 
(2) F is formally real and ii(F) < 2. 
(3) F is formally real and for any non formally real 2-extension K of F, 
G,(2) is a free pro 290~~. 
Proof. (1) + (2). By (l), G,(2) contains an involution and hence F is 
formally real. If K is the fixed field of the free group in the semidirect product 
then [K : F] = 2, K is non real, and by Theorem 3.1, u(K) < 2. Hence by 
[S, Th. F (6)], c(F) < 2. 
The equivalence of (2) and (3) follows from Theorem 3.1 together with the 
equivalence of (2) and (5) of [S, Th. F]. 
(3) 3 (1). Let F((-l)1/2). Then G,(2) is a free pro 2-group and there is 
an exact sequence 
1 -+ G,(2) -+ G,(2) -+ Gal(K/F) -+ 1 
and j Gal(K/F)I = 2. Since F is formally real, G,(2) contains involutions and 
the sequence splits, proving (1). 
A profinite group G is an extension of a group Gl by a group G, if there is an 
exact sequence 1 + Gr -+ G + Gz + 1 with Gi a closed subgroup of G. 
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COROLLARY 3.3, For a field F the following statements are equivalent. 
(1) G,(2) is an extension of a free pro 2-group by a$nite group. 
(2) G,(2) is a semidirect product of a free pro 2-group by a group of order 
at most 2. 
(3) z?(F) < 2. 
Proof. The equivalence of (2) and (3) is contained in Theorem 3.1 and 
Proposition 3.2. Hence it suffices to prove the implication (1) 3 (3). Assuming 
(I), there exists a finite extension K of F with G,(2) a free pro 2-group. Hence K 
is not formally real and u(K) < 2. If F is not formally real then by repeated 
applications of [S, Th. 4.11 (2)], u(F) < 2 and ifF is formally real then K((- 1)1/2) 
is a finite 2-extension of F((-l)1/2) so u(F((-l)l/s)) < 2. By [8, Th. F], 
E(F) < 2. 
EXAMPLES. Elman and Lam [6] have shown that for each integer n > 1 
there exists an algebraic extension F of Q satisfying the conditions of Theorem 3.1 
with 1 p/p2 1 = 2”. They have also shown the existence of Pythagorean fields F 
satisfying the conditions of Proposition 3.2 (so E(F) = 1) with 1 p/p2 ~ = 2’” for 
any n > 1 [4]. Elman, Lam, and Prestel [8] have shown that if F is a field of 
transcendence degree 1 over a hereditarily Euclidean field (e.g. any real closed 
field) then F satisfies the conditions of Corollary 3.3 (compare ([13, Sect. 5.21). 
For each n 3 2 we show that there is a formally real field F, with zi(F,) = 2 
and 1 p,,/p,,2 I = 2”. If n = 2 we take F, to be the Gross and Fischer field [9, 
p. 3021 with square classes (1, [-11, [2], [-21). For n >, 3, let k, be a formally 
real Pythagorean field, algebraic over Q, with 1 k,/k,2 / = 2”, [4, p. 11871. 
Then K, has exactly n orderings and we can choose a E k, which is negative at 
exactly one of them. Then &,((I, a)) = (1, [a]> so if F, = k,((--a)l’“) then 
1 p/p2 / = 2” [12, Th. 3.41. Since k, satisfies the conditions of Proposition 3.2 
[4, Th. 5.31, so does F, (by Proposition 3.2(3)). Since n > 3, F, is not pythago- 
rean and hence C(F,) = 2. 
Remark. If FI , F, are fields which satisfy the conditions of Theorem 3.1 
then W(FI) e W(F,) implies that Gf;(2) s GF2(2), since the isomorphism 
class of a free pro 2-group G is determmed by the dimension of W(G) and for 
any field F, Hl(G,(2)) g fi/fi”. However, I have not been able to prove the 
corresponding result for fields satisfying the conditions of Proposition 3.2. If 
FI and F, are two such fields with W(F,) E W(F,) then one can show that 
GF,((-l)1,2)(2) s GFZ((-1)1,e)(2) and for i = 1, 2, G,*(2) is a semidirect product of 
GFi((-1)1,2j(2) by a group of order 2. However, this by itself is not enough to 
guarantee that GF1(2) is isomorphic to G,%(2) since there exist fields F, , F, with 
GF,(2) a semidirect product of a free pro 2-group Fi by a group of order 2, 
% ‘e F2 , but G, (2) not isomorphic to G,*(2). For example, let FI be a pytha- 
gorean field with ~~r/fira / = 8 which satisfies the conditions of Proposition 3.2 
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and let F, be a formally real field with @a/p.a2 = {I, [-I], [2], [-2)). Then 
Fr((-l)r/2) has 4 square classes, as does F,((-2)1/2). Hence G,{(2) is a semi- 
direct product of a free pro 2-group of rank 2 by a group of order 2, i = 1,2. 
Since FI has 8 square classes and F, has 4, Gq(2) is not isomorphic to GF2(2). 
4. FIELDS OF CLASS C REVISITED 
By a field of class C we mean a field F with W(F) z i’Z/nZ[G] for some n 3 0 
and some group G. From this can be shown that n = 0,2, or 4 and G is a group 
of exponent 2 [15, Props. 1.1 and 1.31. These fields include finite fields, non- 
dyadic local fields, euclidean fields, superpythagorean fields, and iterated 
formal power series fields over any of these. It was shown in [15, Th. 3.61 that 
if 1 @‘a 1 3 4 then G,(2) is an abelian group if and only if F is a field of class C 
which contains all 2”th roots of 1 for all n > 1. The first theorem in this section 
complements this as follows: 
THEOREM 4.1. For a Jield F the following statements are equivalent: 
(1) F is aJ;eld of class C. 
(2) If L is the Jield obtained from F by adjoining all 2”th roots of 1 for all 
n > 1 then G,(2) = Gal(F(2)/L) is abelian. 
(3) The dihedral group of order 8 does not occur as a Galois group over 
F(( - l)‘/“). 
Before proving Theorem 4.1 we want to investigate the structure of the 
extension L/F. Let K = F(( - l)‘/“) an assume K #L. For n 3 3 we define d 
elements a, , b, of L inductively as follows: a3 = b, = 2r12 and for n > 3, 
a, = (2 + a,-#/a, b, = (2 - a,-,)ll2. Then {a,, = (a,/2) + (b,/2)(--1)1/2 is a 
primitive 2”th root of 1 (essentially, a,/2 = “cos(7r/2+l)” and b,/2 = 
“sin(r/2+1)“). We have a,2 = 2 + a,,-, , anbn = b,_, and it follows by an easy 
induction that K(a,) = K(b,). Also, if K, = K and K, = K(a,), n > 3, then 
K,-, C K,, [K, : K+r] < 2, and L = Ulaas K,. Since K #L, there is a 
smallest integer t > 3 with Kt # K. Then K,-, = K so K, = K(a,) with 
a$EKand[K,:K] =2. 
LEMMA 4.2. With the notations as above, suppose m >, t - 1. Then 
(1) L+I : Knl = 2. 
(2) Kn+1 is the only quadatic extemion of K, in L. 
Proof. (1) If not, let m 2 t - 1 be the smallest integer such that K,,, = K, . 
Then m 2 t and [K, : K,-,] = 2. Write a,,, = c + da, with c, d in Km-I . 
Then 2 + a,,, = ai+1 = c2 + d2am2 + 2cda, forcing c2 + d2am2 = 2 and 
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2cd = I. Hence c* - 2c2 + tama = 0 so ca = (2 h (4 - ama)i9/2 = (2 f &J/2. 
Hence b, E K,,+r and since K(b,) = K(a,) it follows that a, E f& , a 
contradiction. 
(2) If M is a quadratic extension of K, with M CL then there exists 
k > m with ak E M. Then akpl = ak2 - 2 E M and hence a,,, E M 
Proof of Theorem 4.1. If 1 fi/#” 1 = 2 then by [15, Prop. 3.101 all conditions 
of Theorem 4.1 are automatically satisfied so we may assume j p/p2 j > 2. The 
equivalence of (1) and (3) follows from Theorem 3.5 and Corollary 2.11 of [15] 
and the implication (1) * (2) from [15, Th. 3.6 and Cor. 2.101. 
(2) * (1). By [15, Cor. 2.111, it suffices to show that K =F((-l)l12) is a 
field of class C. Since L is a field of class C [15, Th. 3.61, we may suppose K # L. 
As above, let us = 2r/*, a, = (2 + u,&/~, m > 3, and K, = K(a,). Let t 
be the smallest integer with K, # K. Then K, = K(a,) with at2 E K and 
[Kt : K] = 2. Let a = 2 + a,-, = at2 E K. We assert that 
To prove (*), let y E D,((l, a)). S ince -1 E K2, (1, a) z (1, -a) so there 
exists x in Kt = K(u1i2) with [N(x)] = y where iV is the norm from K, to K. 
By Elman’s and Lam’s norm principle [7, Norm Principle 2.111, there exist c, d 
in K with (x) . (1,~) E (c, d) over Kt . 
If (1,~) is anisotropic over L then in t/L”, [x] = [c] or [x] = [d] (because L 
is of class C). By relettering if necessary, suppose [x] = [cl. Then [XC] = 1 in 
J!.[,!,” so either [x] = [c] in &/&Zt2 or, by Lemma 4.2, K,,, = Kt((xc)l12). If 
[x] = [c] in &/&a then y = [N(x)] = [N(c)] = 1. If K,,, = Kt((xc)l12) then, 
in kt/gt2, [xc] = [2 + a,] = [2 + al/a] whence, in K/I@, y = [N(X)] = 
[N(X)C2] = [Ayxc)] = [4 - a]. 
If (1, y) is isotropic over L, then y = 1 in L/L2 and so either y = 1 in g/x2 
or, by Lemma 4.2, K(y1i2) = Kt = K(u1j2). In the second case, y = [a] in 
Kpz”. 
Hence the only possible values for y E &((I, a)) are 1, [a], and [4 - a]. 
Since 1 DK(( 1, u))I = 3 is impossible, we must have DK(( 1, a)) = (1, [a]}. 
Now let (1, b) be anisotropic over K and let x E &((l, b)). Then, in J!$“, 
either [b] = 1 or x = 1 or x = [b]. If [b] = 1, then Lemma 4.2 forces [a] = [b] 
in K/&s and we are done by assertion (*). If x = 1 in e/La then either x = 1 or 
x = [u] in A?/R2. If x = [a] then, because -1 E R2, [b] E D,((l, a)), forcing 
[b] = [a] in K/K?-. Finally, if x = [b] in t/L2 then x = [b] or x = [ub] in 
g/@. If x = [ab] then [u] E DK((l, b)) and again [a] = [b] in @K2. Hence 
DK(( 1, b)) = { 1, [b]) and K is a field of class C. 
Remarks 1. If F is a field which contains a formally real Pythagorean field 
then F will contain the Pythagorean closure, py(Q), of Q. If, as before, U, = 21j2 
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and a, = (2 + u,-J1/a, b, = (2 - u,-#/~, n > 3, then aa spy and if 
a, spy then 2 f a, is positive under all orderings on py(Q) so a,,, , 
b,+r E py(Q). Thus for all n, u, , b, spy CF and therefore F((-l)l/“) 
contains all 2”th roots of 1 for all n. Since a formally real field is of class C if 
and only if it is superpythagorean [15, Examples 1 .I 1 (ii)], we recover a theorem 
of E. Becker [l]: 
A fovmdy real Jield F is superpythagorean ;f and only if Gal(F(2)/F(( - I)@)) 
is ubelian. 
2. Let F be a field, K = F((-l)li2), and let L be obtained from F by 
adjoining all 2”th roots of 1, for all n 3 1. From Lemma 4.2 it follows that if 
L + K then Gal(L/K) g Z, , the group of 2-adic integers. Hence if Gal(L/F) # 1 
then it is isomorphic to one of the following groups: Z/2& E, , or Z, x Z/2Z. 
Using this observation, Corollary 3.9(3) of [15] can be improved as follows: 
COROLLARY 4.3. Let F be a field of class C. Then G,(2) is isomorphic to one 
of the following groups: 
(1) Z21for some set I. In this case 1 I j = dim,zF/F2 and if 1 II > 1 then F 
contains all 2”th roots of 1, for all n 2 1. 
(2) An extension of h,’ by Z/22, H, , OY E, x h/2& for some set I. 
Proof. This follows from [15, Cor. 3.9(2) and Prop. 3.101 together with the 
preceding remark. 
Note that in all cases G,(2) is an extension of an abelian group by an abelian 
group. A profinite group G will be called metubeliun if there is an exact sequence 
l-+H-tG-tGIH -+ 1 where H is a closed normal abelian subgroup of G 
and G/H is abelian. It is easy to see that a profinite group G is metabelian if and 
only if the closure, G’ = (G, G), of its commutator subgroup is abelian. The 
following lemma is probably known but we could not find a reference: 
LEMMA 4.4. (1) rf f: Gl ---f G, is a continuous surjective homomorphism of 
pro$nite groups then f (G;) = G; . 
(2) If G is u free pro 2-group of rank 22 then G’ is nonabeliun; i.e. G is not 
metubelian. 
Proof. (1) is clear. 
(2) D. Sibley has pointed out that if H is the group of order 32 formed 
by taking the semidirect product relative to the action of the automorphism 
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on V = IFs3 then His generated by 2 elements and its commutator subgroup H’ 
is the Klein 4-group. Since rank G >, 2 there is a continuous surjective homo- 
morphismf: G ---f H and by (l), f(G) = H’. By [14, Cor. 3, I-371, G’ is also 
a free pro 2-group so if G’ were abelian it would follow that G’ s Z, . But then 
any finite homomorphic image of G’, via a continuous homomorphism, would 
be cyclic. Hence G’ is not abelian. 
THEOREM 4.5. For a field F the following statements are equivalent: 
(1) Fisa$eldofclassC. 
(2) G,(2) is metabelian. 
(3) If K is a jinite Galois extension of F with Gal(K/F) a 2-group then 
Gal(K/F) is metabelian. 
Proof. (1) 3 (3). Apply [15, Cor. 3.9 (4)]. 
(3) => (2). If G,(2) is not metabelian then there exist U, 7 in G,(2)’ with 
UT # 7~. Choose a in F(2) with u,(a) # T,(a). Let N be the Galois closure of 
F(a) over F, let H = Gal(N/F), and let 0, ? denote the images of 0,~ in H. Then 
5,~ lie in H’, so H is not metabelian. 
(2) 3 (1). Let L be the field obtained from F by adjoining all 2”th roots 
of I, for all n 3 1. By Theorem 4.1, it suffices to show that G,(2) = Gal(F(2)/L) 
is abelian. If G,(2) is not abelian then there exist non commuting automorphisms 
CJ, 7 in G,(2). Let H be the closed subgroup of G,(2) generated by u and T. Then 
H is a pro 2-group of rank 2 so if K = F(2)H then 1 z/J? 1 = 4. Because L C K, 
K is not formally real and therefore u(K) = 2 or u(K) = 4. If u(K) = 4 then K 
is a field of class C [15, Examples 1 .l 1 (iii)] which contains all 2nth roots of I 
and therefore H = Gal(F(2)/K) = G,(2) is abelian (by Theorem 4.1 or [15, 
Th. 3.61). Hence u(K) = 2 and by Theorem 3.1, His a free pro 2-group. But H 
is closed in G,(2) so H’ C G,(2)‘, forcing H’ to be abelian, contrary to Lemma 
4.4 (2). 
COROLLARY 4.6. If F is not a field of class C then for any integer 
n E (2” + 1 1 k E N} there exists a 2-extension F,, of F with u(F,) = 2 and 
1 Iq&” 1 = 2n. 
Proof. Let L be obtained from F by adjoining all 2%th roots of 1, for all 
n > 1. Since F is not of class C, G,(2) . is not abelian and, as in the proof of 
Theorem 4.5, we can find a closed subgroup H of G,(2) which is free of rank 2. 
Let F, = F(2)H. Then u(F,) = 2 and p2/p2” = 4. Inductively, if k > 0, 
n = 2” + 1, and F, is a 2-extension of F2 with u(F,) = 2 and 1 fi,,/#a2 j = 2”, 
letF, , m = 2”fi + 1, be any quadratic extension ofF,, . By [12, Ex. 17, p. 3361, 
u(F,,J = 2 and by [12, Th. 3.4, p. 2021, ?m/p;n2 = 22n-1 = 2”. 
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Concluding Remarks. Besides the contrast between metabelian and free pro 
2-groups, there are other interesting extremes presented by the fields studied in 
Sections 2 and 3. For example, suppose F is a non formally real field with 
I@/&” ( = 2n, I < n < CD. Then 2 < u(F) < 2” and u(F) = 2 if and only if 
G,(2) is a free pro 2-group while u[F) = 2n if and only if G,(2) is metabelian. 
Also, for any quadratic extension K of F, 1 p/p2 1 < 1 x/R2 1 :,< 4 j p/fi i2 [12, 
Ex. 5, p. 2161; F is a field of class C if and only if 1 I;‘il’” 1 = 1 K/K2 1 for all K, 
[K : F] = 2, and F satisfies the conditions of Theorem 3.1 if and only if ; kJK2 1 
= 4 j F/F2 I2 for all quadratic extensions m of F. 
If F is a Pythagorean field with 1 p/p2 ) = 2” < co and o[F) is the number 
orderings on F then n < o(F) < 2”-l and F satisfies the conditions of Proposi- 
tion 3.2 if and only if o(F) = n and F is a field of class C (superpythagorean) if 
and only if o(F) = 2+l. 
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